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Abstract—In this paper, single-input multiple-output (SIMO)
system when employing massive binary array-receiver has been
investigated while constructive noise has been observed in the
single user system to detect the higher-order QAM modulated
signals. To fully understand the interesting phenomenon, math-
ematical model has been established and analyzed in this paper.
Theorems of the signal detectability are studied to understand
the best operating signal-to-noise ratio (SNR) range based on
the error behaviours of the single user SIMO system. Within
the observation and analysis, a novel new multiuser SIMO with
binary array-receiver structure has been proposed and can be
considered as a solution to deal with the high complexity problem
that the traditional model has when using maximum likelihood
(ML) detection. The key idea of this approach is to set up the
multiuser multiple-input multiple-output (MIMO) model into a
frequency division multiple access (FDMA) scenario and regard
each user as single user SIMO to achieve the goal of decreasing
the exponentially increased complexity of ML detection method
to the number of users. It is shown by numerical results that each
user in this system can achieve a promising error behaviour in
the specific best operating SNR range.
I. INTRODUCTION
Massive binary array-receiver is referred to a multi-antenna
signal reception device equipped with a large number of RF
chains, with each having a 1-bit analogue-to-digital converter
(ADC). This is recognized as one of the cost-effective schemes
for the implementation of massive MIMO systems, which has
already attracted many and still increasing research efforts,
mainly towards signal detection, channel estimation as well as
performance evaluation [1]–[4].
Notable achievements in the low complexity signal detection
methods for MIMO system with binary array-receiver area
have been made, for example, the zero forcing (ZF) detection
method that has been introduced in [2], where the author
proposed a heuristic ZF detection method which requires much
larger number of receive antennas than the transmit ones to
detect the signals reliably. There is a near-maximum likelihood
detection (MLD) method that has been proposed in [5] which
is similar to the one proposed in [1], and they all use gradient-
decent algorithms to find the solutions. When it comes to the
MLD, the systems with 1-bit ADCs are quiet different from
the conventional structures which has high resolution ADCs.
When it is in additive white Gaussian noise (AWGN) scenario,
the essence of MLD for conventional structure is to reduce
the minimum Euclidean distance over finite constellation set
[6], [7], while for system with binary array-receiver, the MLD
focus on maximizing the product of Q-function [1] instead
of the solving the least-squares problems. But there is one
thing should be noticed that whether the receiver is with binary
array-receiver of not, the computation complexity is NP-hard
problem and it will rise up with the increasing of number of
users.
Our concern arises from the recently reported results in
[8], where bit/symbol error rates (BER/SERs) of massive
binary array-receivers may not be a monotonically decreasing
function of the SNR, i.e., they could go down with the rise of
SNR at relatively lower SNRs until reaching a turning point,
after which BER/SERs grows with the increase of SNR. Their
simulation results show that such an interesting phenomenon
occurs when communication signals are modulated with 2L-
QAM (L > 2). A similar phenomenon was also observed
by the National Instruments when testing their high-speed
low-resolution ADCs for waveform digitization, where over-
sampling and Gaussian noise worked together, improving the
ADC resolution [9]. The implication is that the noise becomes
constructive instead of conventionally destructive under some
circumstances. Therefore, it would be important to understand
better the principle of constructive noise at binary receivers,
which help us to determine the best operating-SNR range, as
well as to develop efficient signal reception approaches; and
such forms the motivation of this paper.
Pioneering contribution on the principle of constructive
noise at binary receivers can be found in Kay’s work [10],
which was focused on binary hypothesis tests in AWGN.
His work lays the foundation of stochastic resonance based
spectrum sensing, where the decision on spectrum holes can
be made more accurate by adding power-optimized artificial
Gaussian noise onto the measurement data; and the binary
receiver is formed by a double-well potential [11].
Our work goes beyond the binary hypothesis testing model
by investigating a more complicated single-user SIMO binary
array-receiver, considering higher-order QAM demodulation,
as well as channel randomness. Mathematical theorems are
established to understand the single-user detectability when
no channel estimation is conducted at the binary receiver. The
theorem also helps to determine the best operating-SNR range,
Fig. 1. Block diagram of massive binary array-receivers for multiuser-SIMO
detection.
where the Gaussian thermal noise becomes most constructive
for signal detection. In addition, the unveiled principle leads
to a low-complexity spatial mean receiver, which is enabled
by an oversampling approach and the results show that it can
reach a near ML performance.
II. SYSTEM MODEL AND PROBLEM FORMULATION
Fig. 1 depicts the block diagram of massive binary array-
receiver for multi-user SIMO signal reception. Considering the
FDMA method has been introduced into this system, so the
system model can be analysed as a single-user SIMO model.
Consider one transmitter in the system employing a single
antenna to transmit it 2L-QAM modulated signal x, to the
receiver a (N) × (1) SIMO channel h ∈ CN×1 (N  1).
Denote x ∈ A, while A = {−aM , ...,−a1, a1, ..., aM} is the
constellation set with aM > ... > a1 > 0 and M = 2dL/2e−1
for QAM, where d·e stands for the integer ceiling. At the
binary receiver, the received signal block for the user before
ADC is a (N)× (1) signal block r expressed by
r = hxk + v (1)
where v ∈ CN×1 is the AWGN with zero mean and covariance
σ2I (I: the identity matrix). Note h = [h1, h2, ..., hN ]T be the
channel vector and hn is the channel between the user and
the n-th receive antenna. Assuming the real and imaginary
components of the Gaussian noise are i.i.d, it is necessary
to rewrite the signal model (1) for 1-bit ADC problems in a
real-form as[<(r)
=(r)
]
=
[<(h) −=(h)
=(h) <(h)
][<(x)
=(x)
]
+
[<(v)
=(v)
]
(2)
Then the received signal after binary receiver is a (2N)×(1)
real-form binary block[<(y)
=(y)
]
=
[
sgn(<(r))
sgn(=(r))
]
(3)
The aim of signal detection is to find the closest lattice
to x based upon the binary block y. When the channel h is
known as a coherent receiver, the closest lattice xˆ can be found
through the maximum-likelihood algorithm [12] based on the
symbol xl ∈ A
xˆ = arg max
xl∈A
2N∏
n=1
(1−Q(
√
2σynh
T
nxl)) (4)
Where Q(x) =
∫∞
x
1√
2pi
e−
t2
2 dt. All our analysis and discus-
sion will be based on the ML approach in the following parts.
Due the characteristics of 1-bit ADC, this communication
system is quiet different from the conventional model, while
this system is non-linear, and the received signal will be binary.
We will devise a function g(·) to fulfill
xˆ = g(y) (5)
Mathematically, a necessary condition for such a function to
exist (i.e. signal detectability) is:
c1) there is a bijection from the set x ∈ A to the set y ∈ B,
i.e., A −→ B.
In fact, the condition c1) can hardly hold in the noiseless
case due to the binary signal quantization; and this is where the
noise comes to the dance, in the sense of “constructive noise”;
as described in Section I. The principle of constructive noise
at the binary receiver will be introduced in Section III.
III. SIGNAL DETECTABILITY AND THE PRINCIPLE OF
CONSTRUCTIVE NOISE
A. Constructive Noise
Considering a single-user SIMO system with massive binary
receiver in fading channel, it is of our interest to understand:
1) under what condition the signal x is detectable; and 2) what
is the efficient way to detect the signal?
In the following analysis, we assume that the channel phase
has been compensated as a real channel, and the real and
imaginary components of the signals will be orthogonal to
each other, then the mathematical work can be simplified by
considering the real signal model in this discussion. In the
noiseless case (i.e. v = 0), it is trivial to have y ∈ B =
{−1,1}; and thus the condition C1) does not hold. Next, we
will study how the noise comes to help.
Lemma 1: A sufficient and necessary condition for the
bijection A −→ B to be satisfied is: c2) σ 6= 0.
Proof: A necessary condition for the bijection A −→ B
to be satisfied is: the set B is formed by (2M) distinctive
vectors, i.e., B = {b−M ,b−M+1, ...,bM}, with each element
in b drawn from the binary set {−1, 1}. Given a symbol x ∈
A, the pre-ADC vector r has its elements all obeying i.i.d.
Gaussian distribution, i.e., rn ∼ N(s, σ2), ∀n. Then, the post-
ADC vector y has the corresponding element yn = 1 or −1
with the following probability
P(yn = 1|x) = P(rn ≥ 0|x)
=
1√
2piσ
∫ ∞
0
exp
(
− (rn − gnx)
2
2σ2
)
drn,(6)
P(yn = −1|x)= 1− P(yn = 1|x) (7)
It is understood that P(yn = 1|x) (or P(yn = −1|x)) is a
monotonically increasing (or decreasing) function of x, i.e.,
P(yn = 1|x1) > P(yn = 1|x2) for x1 > x2.
The proof of Lemma 1 shows how noise helps to form the
bijection A −→ B. However, bm,∀m, in the set B are random
vectors which vary from time to time, and in consequence
there does not exist a fixed function to describe the bijection
A −→ B. This also explains why c1) is only a necessary
condition for the signal detectability.
B. Best Operating SNR
Section II-A has discussed the circumstance where noise
can improve the signal detectability. However, a too-large
noise can also degrade the detection performance. The best
operating-SNRs for the single-user SIMO system is specified
in the following result.
Theorem 1: Consider a pair of symbols (xl, xl+1) with
xl, xl+1 ∈ A, xl < xl+1 and xlxl+1 > 0. Assuming the
unitary signal power for x, the best operating-SNR for the
receiver is
snr =
1
E(‖h‖2)
ln(xl+1/xl)
2
x2l+1 − x2l
(8)
Proof: Given xl, xl+1 ∈ A and xl < xl+1, their difference
in the probability P(yn = 1|x) based on the real channel gn
is given by
∆(σ)= P(yn = 1|xl+1)− P(yn = 1|xl) (9)
=
1√
2piσ
∫ ∞
0
(
exp
(
− (rn − gnxl+1)
2
2σ2
)
− exp
(
− (rn − gnxl)
2
2σ2
))
drn(10)
which immediately leads to ∆(∞) = 0. This makes sense
as any two different symbols cannot be differentiated at zero
SNR. Our interest is now on the derivative ∂∆(σ)/∂σ which
is given by
∂∆(σ)
∂σ
= −σ2gnxl+1 exp
(
− (gnxl+1)
2
2σ2
)
+σ2gnxl exp
(
− (gnxl)
2
2σ2
)
(11)
For xl+1 > 0 and xl < 0, we have ∂∆(σ)/∂σ < 0. Then,
∆(σ) is a monotonically decreasing function for σ ∈ (0,∞).
It is reasonable since the binary receiver can tell their sign
difference without error in the noiseless case, and noise in
this case is always destructive. For the case of xlxl+1 > 0,
we can easily prove that ∆(σ) is a concave function, which
reaches its maximum at ∂∆(σ)/∂σ = 0. Solving this equation
leads to
σ2n =
|gn|2 (x2l+1 − x2l )
ln(xl+1/xl)2
(12)
This can be considered as the optimum noise power for the
pair (xl, xl+1) at the nth receive antenna that maximizes their
difference in the probability. Then, if the signal power is
unitary, the received SNR for the nth can be expressed as
snrn =
ln(xl+1/xl)
2
|gn|2 (x2l+1 − x2l )
(13)
when it comes to the overall SNR, it should be the mean SNR
of all the received antennas, then the problem will arise to the
Jensen’s inequality problem as
E(
1
‖g‖2 ) >
1
E(‖g‖2) (14)
Alongside the increasing of the number of receive antennas,
the left side equation will be closer to the right, so in our
model, we use the 1E(‖g‖2) to represent the effect the channel
has on the SNR. Besides, even though we simplified the
analysis of the system by using channel phase compensation,
but the amplitude of h and g will be the same which refers
to
1
E(‖h‖2) =
1
E(‖g‖2) (15)
this will lead to best operating SNR to be expressed as (8).
Theorem 2 shows that the best operating-SNR varies with
respect to the pair of symbols (xl+1, xl). Our interest is on the
best-SNR for pairs consisting of two neighboring symbols in
A, as their difference dominates the detection performance.
Assuming xl+1 and xl are two neighboring symbols in A
(xl+1, xl > 0) and their difference xl+1 − xl = d is
constant, ∀l, 1 it is easy to prove that the best-SNR (8) is
a monotonically decreasing function of xl. Hence, (8) reaches
its minimum at (xl+1 = aM , xl = aM−1) with
(snr)min =
ln(aM/aM−1)2
E(‖h‖2)(a2M − a2M−1)
(16)
and the maximum at (xl+1 = a2, xl = a1) with
(snr)max =
ln(a2/a1)
2
E(‖h‖2)(a22 − a21)
(17)
Due to the symmetric property, the above result also holds for
the case of xl+1, xl < 0. If we take into account of the special
case: xl+1 = a1, xl = −a1, the maximum SNR is infinity.
After all, we can conclude: for snr /∈ ((snr)min,∞), there
are no any two neighboring symbols having their difference
in P(yn = 1|x) optimized. Hence, the overall best-SNR shall
fall into the range ((snr)min,∞) as far as the single-user SIMO
is concerned.
IV. SIMULATION AND DISCUSSION
Our simulations are structured in several experiments con-
cerning different SNRs and different receive antennas. All the
simulations are based on the single-user SIMO system with
binary array receiver. The performances of the system are
evaluated using the bit error rate (BER) while the SNR is
1This assumption holds for square QAMs, but may not be true for the
general case. Nevertheless, the distance between two neighboring symbols
can be assumed approximately equal for the sake of modulation efficiency.
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defined by the average received bit energy to noise ratio in
dB (Eb/N0) over antenna.
Fig. 2 shows the BER numerical performances with dif-
ferent receive antennas of the ML detection method in the
same SNR range, respectively. The communication channel
of this SIMO system follows Rayleigh distribution and all
the BER performances are the average numerical results. The
modulation scheme is 16-QAM.
It can be found that all the lines in Fig. 2 follow our
analysis that there would be a specific SNR range that the noise
can be regarded as constructive; besides this range, the BER
performances would be poor. In Fig. 2, the constructive noise
SNR range is very stable for different Tx-Rx ratios, as it can
be seen that all the lines are experiencing a BER decreasing
trend while the SNR is in [-8dB, 4dB], and in this range we
can regard that the noise helps the system to differentiate the
16 symbols generated from 16-QAM and the BER decrease as
the SNR increase which follows the Shannon Theory, when
the SNR comes to be in the range of [2dB, 4dB], we can
see this single SIMO system reaches its best performance for
a specific antenna ratio, for example, the BER is 9 ∗ 10−6
when the number of receive antennas is 100. After the best
operating SNR point, the BER suffers from a trend that it rises
up while the SNR increases, in this range, we can regard that
the constructive effects that the noise has on this system are
disappearing as the SNR increases. At last the system will
meet the error floor.
To verify the correction of our mathematical analysis for the
best operating SNR in III, we should first move to (16) and
(17), we can see the best operating SNR should be a range
which is related to the codebook depended by the modulation
schemes and the channel amplitude, but for these numerical
results in Fig. 2, we used 16-QAM as the modulation, based on
our analysis in III, this best operating SNR should be a point
for this specific modulation scheme, and due to the change of
the number of receive antennas, the mean channel amplitude
in (15) will be much closer to the variance, this explain the
fluctuation of the best operating SNR points in this figure.
In the same time, we have plot the theoretical best operating
SNR line in Fig. 2 as vertical, which shows that the Matlab
simulation results follows our mathematical analysis, and there
exists a trend that with the increasing of the number of receive
antennas, the best operating SNR will be infinitely close to the
theoretical value.
V. CONCLUSION
In this paper, we have conducted a study of the constructive
noise that has been observed in SIMO system which is
equipped with binary array-receiver, based on the constructive
noise, we propose a novel low complexity ML detection
approach which consider using FDMA in this model and
regard the traditional multiuser SIMO as a multi single user
SIMO on different frequencies, and this will largely decrease
the detection complexity of this system while the complexity
of ML detection is exponentially increasing to the number of
users in this system. Besides, due to the nonlinearity of binary
array-receiver, we found that noise can could somehow help
the system to differentiate the high-order modulated symbols,
based on this finding, we have studied the best operating SNR
range using mathematical analysis, which showed that the
single user SIMO system was supposed to work in a specific
SNR range to use noise to help the system to do detections, and
we got the numerical best operating SNR results by Matlab
simulations which were verified to follow our analysis.
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